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Constrained knots K:

(1,1) knots in L(p,q~1);

generalization of 2-bridge knots b(u, v);

parameterized by C(p, q,l,u,v) (Y. '20);

have a complete classification (Main theorem, Y. '20);

whose HFK and KHI are determined by Alexander polynomial, Moreover,
HFK(K)~ KHI(K) (Li and Y. '20, '21, Baldwin, Li, and Y. '20);

whose complements include many simple hyperbolic manifolds (Y. '20).
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(g,b) knots

Definition

A knot K C Y is a (g,b) (g-genus b-bridge) knot if Y admits a Heegaard
splitting Y = H; Usx,, Ha such that K N H; consists of b trivial arcs.

Remark

Arcs tq,...,tp are trivial in H if there exist disks D1, ..., Dy, C H such that
dD; =t;Un;, m; CIH, and D;Nt; =0 for i # j.

Note: (g,b) knots are also
(9+1,b—1) knots.
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2-bridge knots

(0,2) knots are called 2-bridge knots (also rational knots),
denoted by b(a,b), where a is odd, b € Z, and gcd(a,b) = 1.

)
Expand b/a as continued fraction:
b 1
_______ - = 1
L N B
S B N M

NN
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2-bridge knots

Proposition (Classification, Schubert '56)

@ 2-bridge knots b(a1,b1) and b(asg, by) are equivalent if and only if
a1 =az=a and by =b3' (mod a).

@ b(a,—b) is the mirror knot of b(a,b).

The double branched cover over b(a, b) is the lens space L(a,b).

Fan Ye (Cambridge) Constrained knots in lens spaces 2021 7/39



2-bridge knots

A 2-bridge knot b(a, b) admits another canonical presentation known as the

Schubert normal form. b(%) D m
ﬁ
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2-bridge knots

A doubly-pointed Heegaard diagram (X, «, 3, z, w) defines a knot K. Let
nC X —aandd C X — [ be arcs connecting z and w. Push 7 into a-handlebody
to obtain 7. Similarly define §’ in 3-handlebody. Define K =7’ U J’.

Fan Ye (Cambridge)
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(1,1) knots

A (1,1) knot has a doubly-pointed Heegaad diagram (X, a, 3, z, w) with ¥ = T2,
called a (1,1) diagram.

Remark

The ambient 3-manifold Y of a (1, 1) knot is either S3, a lens space L(p,q), or
St % S2. In this talk, we only consider Y = S3 or Y = L(p, q).

Fan Ye (Cambridge) Constrained knots in lens spaces 2021 10/39



Proposition (Parameterization, Goda, Matsuda, and Morifuji '05)

(1,1) diagrams are parameterized by p,q,r, s € N with 2¢ +r < p and s < p.

2 MAL = i B Not good parameterization:
w .
: figure-8 kpot; (5.2,1,3) (5,2,1,0)
2 (o> > ¢Y
r p—2q—r
B
tq
o2
T1—s Tog—s O L2gq4r—s Tp—s

3 S )
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(1,1) knots

For a > 2b > 0, the 2-bridge knot b(a,b) is the (1,1) knot (a,b,a — 2b,0).

olz) (3,0.],)
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Constrained knots

Theorem (Parameterization, Y. '20)

Any constrained knot can be represented by C(p, q,1,u,v), where p > 0,
ge[l,p—1],1€[1,p], u>0,v € [0,u— 1], uis odd, ged(p,q) = ged(u,v) = 1.

Theorem (Classification, Y. '20)

For K; = C(pi, ¢, li, ui, v;) (i = 1,2) with p; > 0,1; > 1 and u; > 2v; > 0, they
represent the same knot if and only if

pr=p2=p, qg=1 (modp),

Li,lo e{2,p}, (l1,u1,v) = (2, u2,v2).
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Constrained knots

For a lens space L(p,q~!), let ap and By be two curves on T2 with slopes 0 and
p/q ! Let a1 = o and let 5 be a curve with 81 N By = 0. Set
z,w € T? — ap U By U By. Define a constrained knot by (T2, ay, 31, 2z, w).

L(p “>c§ L&)

Bo

—
T~
W
N~
N——
N
—
N
=

I xT9 ° T3
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Constrained knots

Cut the diagram along By and glue along ay:

D D
e
D,
Dy
B w
D2 ? ﬁo
i
D g
g = Qa1 / Qp = Q1
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Constrained knots

Theorem (Parameterization, Y. '20)

Any constrained knot can be represented by C(p,q, 1, u,v), where p > 0,
gel,p—1],l€l,p],u>0,v € [0,u—1], uis odd, ged(p, q) = ged(u,v) = 1.

C(5,3,2,3,1).
Ds p =5 = number of domains
_.BA q:3:D1—>D1+q
P l=2:z€ Dy,we D
Dy u =3 = |B1 N {subarc of a;}|
b, ‘ﬂl w ? 3 L v =1 = number of rainbows
Dy /Sx B
A Qp = Q1
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Constrained knots

Theorem (Classification, Y. '20)

For K; = C(pi,qi,li,ui,vi)(i = 1,2) with p; > 0,1; > 1 and u; > 2v; > 0, they
represent the same knot if and only if

pr=p2=p, q@=1 (modp),

li,lo €{2,p}, (li,u1,v1) = (l2,u2,v2).

4

The red conditions can be explained by the following facts. \
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Constrained knots

,071,u,v) is the 2-bridge knot b(u,v);
e C(p,q,1,1,0) consists of simple knots in lens spaces studied by Rasmussen,
Hedden, et al. (related to Berge's conjecture).

By

I iy ° X3

o ap = (g

Y
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Constrained knots

e C(1,0,1,u,v) is the 2-bridge knot b(u,v);
e C(p,q,l,1,0) consists of simple knots;

e C(p,q,1,u,v) is a connected sum of a 2-bridge knot and a core knot in a

lens space.
s
OF
FJ_____ a
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Constrained knots

e C(1,0,1,u,v) is the 2-bridge knot b(u,v);
e C(p,q,1,1,0) consists of simple knots;

e C(p,q,1,u,v) is a connected sum of a 2-bridge knot and a core knot in a
lens space;

e C(p,—q,l,u,—v) is the mirror knot of C(p,q,l,u,v).

We only need to consider (p,q) # (1,0), (u,v) # (1,0), I # 1, u > 2v > 0.
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Constrained knots

Theorem (Classification, Y. '20)
For K; = C(pi, gi, li, wi, v;) (i = 1,2) with p; > 0,1; > 1 and u; > 2v; > 0, they
W/

represent the same knot if and only if

pr=p2=p, qg=1 (modp),

li,lo €{2,p}, (li,u1,v1) = (I2,u2,v2).

AN
(AN

o C(5,3,1,3,1) = C(5,2,1,3,1) for | = 2,5;
o C(5,3,1,3,1) % C(5,2,1,3,1) for | = 3,4;
@ There is no known classification of (1,1) knots.

<
1) \]
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Constrained knots

Idea of necessary part: compute knot Floer homology HFE defined by Oszvath
and Szabé, Rasmussen. For K = C(p,q,l,u,v) €Y = L(p,q 1),

Iﬁ??((y, K) = @ }T]&‘?{(Y, K,s) = 7leanBi|

s€Spin¢(Y) ' —
ST i Craf=p
D; ST HFE(Y, K,s) =
N HFE (b(u,v))
D, S¢ HFE (b(u—2v,v))
Dy S
ﬂl ’l..U 60
D, ? SL
D & d %zo:al‘ 8 (
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Constrained knots

Theorem (Oszvéath and Szabé '03)

For any alternating knot K C S3, I?F?((K) (with mod 2 Maslov grading and
Alexander grading) is determined by its Alexander polynomial A (t).

RENEILS

For an alternating knot K, coefficients of Ag(t) are alternating. Hence

|Arg(—1)| = u for K = b(u,v).
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Constrained knots

e Compare |Ag,(—1)|. We have u; = ug, u; — 2v1 = ug — 2v9;

o Compare numbers of spin® structures with |Ag, (—1)| = u. We have [; = Iy;

@ Remain to compare K1 = C(p, q,l,u,v) and Ky = C(p,q %, 1, u,v).

Remark
o [Ki] #0€ Hi(L(p,q ') Z) = Ly,
e For p prime, compare [K;] and [K3]. We have [ € {2, p}.
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Constrained knots

Idea of sufficient part: construct an isomorphism of 7 (Y — N(Kj3)).

Theorem (Waldhausen '68)

Suppose M;(i = 1,2) are Haken manifolds that are knot complements of K;. If
there is an isomorphism ¢ : w1 (M;) — 71 (Mz2) that sends meridian to meridian,
longitude to longitude, then K7 and K5 are equivalent.
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Instanton knot homology

For a knot K in a 3-manifold Y with [K] =0 € H;(Y;Q), Kronheimer and
Mrowka define a vector space K HI(Y, K) over C called instanton knot
homology. The definition is based on sutured manifolds studied by Gabai,
Juhasz, et al. For gradings, Kronheimer and Mrowka, and then Zhenkun Li, study
the Z & Zo grading on K HI by Seifert surface of K. Baldwin and Sivek study
the naturality of KHI.

Conjecture (Kronheimer and Mrowka '10)
For a knot K in a 3-manifold Y with [K] =0 € H;(Y;Q), we have

KHI(Y,K)~ HFK(Y,K)® C.
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Instanton knot homology

Theorem (Oszvath and Szabé '04 for ﬁ Lim '09, Kronheimer and

Mrowka '10 for KHI)

For a knot K in S3, graded Euler characteristics X(ITFT((K)) and x(KHI(K))
both equal to the Alexander polynomial A (t) (up to sign).

From the grading, we have KHI(Y, K) = D, cz, jez KHIL;(Y, K, j). The graded
Euler characteristic x(KHI(Y, K)) is defined by

> (dim KHI(Y, K, j) — dim KHI (Y, K, 5)) - /.
JEZL
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Instanton knot homology

Theorem (Li and Y. '21)
For a knot K in a 3-manifold Y with TorsH;(Y — N(K),Z) = 0, we have

X(EHI(Y,K)) = x(HFK (Y, K)) (up to sign).

@ By work of Friedl, Juhasz, and Rasmussen, the right hand can be calculated
by m (Y — N(K)) (related to Turaev torsion).

@ The homology condition is because K HI doesn't have a decomposition with
respect to torsion spin® structures.
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Instanton knot homology

X(KHI(Y,K)) provides a lower bound of dim K HI(Y, K). For the upper bound,
we have the following theorem.

Theorem (Li and Y. '20, Baldwin, Li, and Y. '20)

Fora (1,1) knot K in Y = S3 or Y = L(We have
A TR
dimKHI(Y,K) <dmHFK(Y,K).

In general, we show dim K HI(Y, K) < dimC/’I_TT((Y, K). For (1,1) knots,

dim HFK (Y, K) = dimCFE (Y, K) = |a N 8.
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Instanton knot homology

For any constrained knot K C Y with Hy(Y — N(K),Z) = Z, we know
HFK(Y,K) is totally determined by A (t).

Corollary

For a constrained knot K with H;(Y — N(K),Z) = Z, we have

dim KHI(Y, K) = dim HFK (Y, K).

RENELS

For K CY = L(p,q), we have Hi(Y — N(K),Z) = Z & Zq for d | p.
In progress: remove the homology condition.
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Instanton knot homology

A rational homology sphere Y is called an L-space if
dim HF(Y) = |H,(Y;Z)|.

This is a generalization of lens spaces. A knot K C Y is called an L-space knot if
a Dehn surgery on K gives another L-space.

Theorem (Oszvath and Szabé '05 for Y = 53, J. Rasmussen and S. D.

Rasmussen '17 for general Y)

For any L-space knot K in Y with H;(Y — N(K),Z) = Z, we know @(Y, K)
is determined by the Alexander polynomial Ag(t).
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Instanton knot homology

Corollary

For a (1,1) L-space knot K in S® or L(p,q), if H1(Y — N(K),Z) = Z

dim KHI(Y, K) = dim HFK (Y, K).

Remark

Torus knots admit lens spaces surgeries (Moser). Torus knots are (1, 1) knots.
Hence the dimension equation holds for any torus knot.
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Instanton knot homology

Greene, Lewallen, and Vafaee provide a graphical way to check if a (1,1) knot is

Recently, Zipei Nie gives a brald diagram of (1,1) a not in sedlon
the above work.

Q Q" R

—\ —
P

Fan Ye (Cambridge) Constrained knots in lens spaces 2021 35/39



hyperbolic manifolds

Consider orientable hyperbolic manifold M with OM = T2. Snappy program
provides a list of simple hyperbolic manifolds (with at most 9 ideal tetrahedra).

o
Based on Dunfield’s census of exceptiohal Tillings, we can verify 21922 (in 59068)

manifolds are complements of constrained knots. The full list can be found at
https://doi.org/10.7910/DVN/GLFLHI or my homepage faniel.wiki/about/.
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hyperbolic manifolds

Name | Slope+(p,q,1,u,v)
m003 | (L,0) + (10,3,3, 1,0, (—1,1) + (5,4,5,3,1), (0, 1) + (5,4,5,3, 1)
po | mood | (1,0)+(1,0,1,5,2)
mo0% m006 | (0,1) +(15,4,2,1,0), (1,0) + (5,3,4,3,1)
p | moo7 | (1,0)+(3,1,2,3,1)
o 009 | (1,0)+(2,1,2,5,2)
Drie=<r 010 | (1,0) + (6,5,6,3,1)
mO1l | (1,0) + (13,3,3,1,0), (0,1) + (9,4,9,3,1)
m015 | (1,0)+ (1,0,1,7,2)
m016 | (0,1) + (18,5,3,1,0), (—1,1) + (19,7,2,1,0)
m017 | (0,1)+(14,3,5,1,0), (—1,1) + (21,8,21,1,0), (1,0) + (7,5,6,3, 1)
mo19 | (0.1) + (17,5,4,1,0), (1,1) + (11,7, 11,3,1), (1,0) + (6,5,5,3,1)
m130 | (1,0) + (16,3,6,1,0), (0,1) + (16,7, 16,3, 1)
m135 | Not from any constrained knot
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hyperbolic manifolds

Suppose K = C(p,q,l,u,v) CY and M =Y — intN(K). Recall that if [ =1,
then K is a connected sum of a 2-bridge knot and a core knot of a lens space.
Hence M is not hyperbolic.

Theorem (Y. 20)

If M is Seifert fibered (hence not hyperbolic), then v = +1.

Conjecture (Y. 20)
If Il > 1 and v # +1, then M is hyperbolic.

This conjecture holds for p < 10, u < 20 by calculations based on SnapPy.
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Constrained knots in lens spaces

Thanks for your attention.
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